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Abstract 
Direct numerical simulation and a Lagrangian 
particle tracking routine are used to simulate 
multiphase particle-laden flows through a channel 
at a shear Reynolds number of 300. The overall 
model is used to simulate 300k solid particles with 
a diameter of 100 Pm at different levels of coupling 
between the particles and the flow field. In an 
attempt to reduce computational cost, a stochastic 
inter-particle collision model is implemented, 
which produces promising results. However, when 
the particle size, and hence volume fraction, is 
increased to 200 Pm the predicted particle normal 
stresses no longer agree with results based on a 
fully deterministic collision approach. 
To resolve this a second stochastic method is 
implemented based on a direct simulation Monte 
Carlo approach which generates probable collision 
events from pairs of nearby particles. The 
predictions based on this method are found to be 
satisfactory for both sizes of particle, and to be in 
good agreement with results based on the fully 
deterministic approach. 
 
1 Introduction 
Accurately simulating particle-laden flows is of 
fundamental importance to many industries that, as 
part of their operations, are required to transport 
multi-phase mixtures, including waste. This 
includes industries in the chemical, pharmaceutical, 
agriculture and minerals processing sectors, and of 
particular interest here, the nuclear industry. 
Without proper optimisation, these processes can 
be inefficient and lead to potentially hazardous 
blockages or depositions of, in some cases, 
corrosive or radioactive substances which in turn 
may require expensive and sometimes hazardous 
maintenance procedures to resolve. 
Under complex turbulent flow conditions, it is 
difficult, if not impossible, to exactly predict the 
dynamic interactions between a fluid and the 
particles within it using conventional mathematical 
modelling approaches. Experimentation also often 
produces inconsistent results due to the difficulty in 
repeating initial conditions. Hence this work turns 
to computer-based modelling methods. Direct 
numerical simulation (DNS) is an approach which 
resolves the entire flow, over all length and time 
scales, and all of the turbulence effects within it. 
This, when coupled to a method for predicting the 
behaviour of individual particles within the 
dispersed phase, produces comprehensive 
information about the properties of a multiphase 
flow. 
The disadvantage of DNS is of course its high 
computational cost, particularly when compared to 
simpler prediction methods such as Reynolds- 
averaged Navier-Stokes (RANS) approaches. 
However, by using DNS to assess the behaviour of 
particles within a multi-phase flow it is possible to 
establish useful benchmarks which can be used to 
verify the output of less accurate methods such as 
RANS and large eddy simulation (LES). 
Additionally, by increasing the level of coupling 
between the continuous and dispersed phases, the 
DNS-Lagrangian particle tracking approach can be 
used to accurately assess the impact of the particles 
on the flow field, and again provide benchmark 
solutions of value in improving the accuracy of 
RANS and LES approaches.  
In recent years, such flows have been simulated 
by, for example, Squires and Eaton (1990), 
Sundaram and Collins (1999), and Li et al (2001). 
Important findings include the fact that turbulence 
intensities grow more anisotropic as the particle 
mass loading is increased. Work by Vremen et al 
(2009) and, more recently, by Rupp et al (2017) 
also qualitatively describe the way particles affect 
the continuous phase at high concentrations. 
However, with regard to the effects of varying 
particle volume fraction on the continuous phase, 
the literature is lacking. 
Furthermore, running deterministic simulations 
at high particle concentrations requires significant 
computational resources, thus the present work 
focuses not only on the effect of particle volume 
fraction, but also on methodologies for making 
high volume fraction flows less laborious to 
simulate by using stochastic alternatives to fully 
deterministic approaches to produce results of the 
same level of accuracy over shorter timescales. 
 
  
2 Methodology 
The fluid flow is simulated using a spectral 
element method, a hybrid of the finite-element 
method and the spectral method, which was 
developed by Patera (1984). The fluid domain is 
divided into elements with a resolution finer than 
15 times the Kolmogorov scale, which Moser and 
Moin (1984) have shown to be the minimum 
requirement in performing direct numerical 
simulations.  
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Equations (1) and (2) are the non-dimensional, 
incompressible Navier-Stokes and continuity 
equations solved, where ࢛כis the fluid velocity 
vector, which has been non-dimensionalised using 
the bulk velocityܷ஻, and ݐכ is the non-
dimensionalised time ݐܷ஻Ȁߜ, where ߜ is half the 
height of the channel. ݌כ is a non-dimensionalised 
pressure term equal to݌Ȁߩܷ஻ଶ, where ߩ is the 
density of the continuous phase. ܴ݁ is the bulk 
Reynolds number given by ߜܷ஻Ȁߥ, and ߬כ is the 
non-dimensionalised deviatoric stress tensor given 
by ߬כ ൌ ሺ׏࢛כ ൅ ׏࢛כఛሻ. ௜݂ is an arbitrary forcing 
term that is only applied to flows with multiple 
phases. The code used to simulate the fluid flow 
was Nek5000, an efficient DNS code developed by 
Fischer et al. (2008). 
The fluid flow equations were solved for a 
turbulent flow in a channel with dimensions 12į × 
2į × 6į at a bulk flow Reynolds number of 4900, 
which translates to a shear Reynolds number of 
300. The channel had periodic boundary conditions 
in the streamwise and spanwise directions, making 
its size arbitrary in those directions, with the 
channel wall having a significant effect on the 
flow. The computational domain was divided into 
32 × 32 × 32 elements consisting of 8 × 8 × 8 
nodes each, giving a total of 16.8M nodes. 
The multi-phase flows simulated considered 
two different sizes of particles using a versatile 
Lagrangian particle tracking code which 
synchronises with the Eulerian fluid flow model, 
time-step for time-step. 
 ப࢞ࡼכப௧כ ൌ ࢛ࡼכ   (3) ப࢛ࡼכப௧כ ൌ ଷ஼ವȁܝܛכȁସௗ೛כఘುכ ܝܛכᇣᇧᇤᇧᇥ஽௥௔௚ ൅ ܏כሺ	 ? െ ߩכሻᇣᇧᇧᇤᇧᇧᇥீ௥௔௩௜௧௬ ଷସ ஼ಽఘುכ ሺܝܛכ ൈ࣓ிכ ሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ௅௜௙௧ ൅ଵଶఘುכ ஽ᇲܝ۴כ஽௧כᇣᇧᇤᇧᇥ௏௜௥௧௨௔௟ெ௔௦௦ ൅ ଵఘುכ ஽ܝ۴כ஽௧כᇣᇤᇥ௉௥௘௦௦௨௥௘ீ௥௔ௗ௜௘௡௧ (4) 
 
The tracking code solves Equations (3) and (4) 
for ߲ݔ௉כ /߲ݐכǡthe change in non-dimensional 
position over non-dimensional time, for each 
particle using the fourth order Runge-Kutta 
method, as described in Suli and Mayers (2003). ݀௣כ ,ߩ௉כ  and ߩכare the non-dimensional particle 
diameter, density and fluid density, respectively, 
and ࢛࢙כ, ࢛ࡲכ and ࣓ிכ  are the slip velocity, fluid 
velocity and vorticity, with ܥ஽, ܥ௅ and ܏כbeing the 
coefficients of drag, lift and gravity. 
For two-way coupling between the particles and 
the fluid, and above, the effect of the particles on 
the fluid must be considered. A term is added to 
Equation (5) to account for this: ݂஼ ൌ ଵ௏ 	?ሺܲ ൌ 	 ?ሻேܨ௉  (5) 
 
Here, V is the volume of a computational cell, N is 
the number of particles it contains, and FP is the 
force exerted on any particle P. In order to gauge 
the effect of neglecting higher levels of coupling, 
the 100 Pm and 200 Pm glass particles were run at 
three levels of coupling: one-way, two-way and 
four-way. In four-way coupling, the fluid-particle, 
particle-fluid, and particle-particle interactions are 
all taken into consideration. 
 Inter-particle collisions were simulated by 
checking the radius of a particle and comparing it 
to each potential collision partner in a region of the 
flow, extrapolating backwards to find the time of 
collision and changing the particle velocity and 
position accordingly. In order to limit computer run 
times, the flow was divided into small segments, 
and only those particles in the same segment of the 
flow were considered for collision. However, even 
using that compromise, the number of operations 
rises with the square of the number of particles. 
A method of decreasing the computational 
expense present in monitoring particle-particle 
interactions is to use a stochastic method which 
forgoes the monitoring of inter-particle collisions 
in favour of treating them as probabilistic events, in 
this case using kinetic theory to predict the 
likelihood of such a collision occurring. 
 Sommerfeld (2001) demonstrates a method 
whereby for each particle in a region, a fictional 
particle is generated using the averaged statistics of 
the particles in that same region. This particles is 
given a fluctuating velocity ݑ௙௜௖௧ǡ௜ᇱ , Equation (6), 
which accounts partially for the velocity of the real 
particle,ݑݎ݈݁ܽǡ݅Ԣ , and partially for the RMS velocity 
of the regional particles, ߪ௣ǡ௜. The ratio between 
these is dependent on a Stokes correlation function 
R(St) given in Equation (7), and a Gaussian random 
number ߦ: ݑ௙௜௖௧ǡ௜ᇱ ൌ ܴሺܵݐሻݑ௥௘௔௟ǡ௜ᇱ ൅ ߪ௣ǡ௜ඥ	 ? െ ሺܴܵݐሻଶߦ    (6) 
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The probability of collision is then given by 
Equation (8), based on the instantaneous relative 
velocity ȁݑ௣ǡపሬሬሬሬሬሬԦ െ ݑ௣ǡఫሬሬሬሬሬሬሬԦȁ between the fictional and 
the real particles, the number density np and the 
particle diameter Dp. 
After the results from this first method were 
obtained and found to be lacking in certain 
respects, a second stochastic approach was also 
investigated to serve as an alternative and for 
comparison purposes. This was the direct 
simulation Monte Carlo (DSMC) method described 
by Pawar et al (2014). Like the previous method, 
the DSMC stochastic method uses kinetic theory to 
determine the probability of a collision occurring, 
but instead of generating a fictional collider for 
each particle, it selects a particle within a certain 
range of the particle of interest and initiates a 
collision between them if a randomly generated 
number falls below the probability of said particles 
colliding. 
Since the particles being probabilistically 
collided are real particles within the flow, it avoids 
making the same kind of assumptions about 
velocity fluctuations that are present within the 
method that uses fictional particles. In the DSMC 
approach, part of the described method is the use of 
a spherical searching scope which ensures that each 
particle has a random collider selected from the 
region in which it is centred. This is used to prevent 
the lattice artefacts produced by particles failing to 
interact across boundaries such as those of the 
segments used in this study. However, such a 
procedure conflicts with the intent of this study 
which is to minimise the number of computational 
operations performed per particle. 
A second approach, therefore, is to use 
Equation (8), since kinetic theory was used in both 
stochastic approaches to generate the probability of 
collision between randomly selected particle pairs 
within the same segment. Any lattice artefacts 
produced will therefore be consistent between the 
deterministic four-way coupled approach, the 
stochastic approach, and the stochastic-DSMC 
approach.  
 
3 Results and discussion  
For all the simulations the mean streamwise 
fluid velocity, as well as the mean streamwise 
particle velocity, remained consistent and 
essentially equal, whatever the level of coupling. 
Mean velocity predictions are therefore omitted 
from what follows in the interests of brevity. 
 
Figures 1 and 2 show the particle normal 
stresses for two different sizes of particles at three 
different levels of coupling. The overall finding is 
that increasing the level of coupling has a 
negligible effect, especially for the larger class of 
particles. However, for both cases the effect is most 
notable upon the streamwise particle velocity 
fluctuations. 
The greatest difference is in the streamwise 
velocity fluctuations of the 100 Pm particles, 
particularly between 0.2  y+  0.7, where the four-
way coupled particles show a larger streamwise 
velocity fluctuation than for the other levels of 
coupling. This is due to the smaller and therefore 
less inertial particles rapidly changing their 
velocity due to collisions, the majority of which 
happen in the noted region. Interestingly for the 
Figure 1: Normal particle stresses for a 
channel flow with 300k 100 Pm particles 
(one-way coupled  solid line, two-way 
coupled  dashed line, four-way coupled  Ƒ). 
Figure 2: Normal particle stresses for a 
channel flow with 300k 200 Pm particles (key 
as Figure 1). 
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200 Pm particles in that same region, the 
fluctuating velocities are approximately equal 
whatever the coupling level. The conclusion which 
can be drawn from this is that just as the low inertia 
particles experience large changes in velocity that 
drive increases in its normal stress, the high inertia 
particles experience fewer collisions with the 
particles inertia resulting in less impact of those 
collisions on the particle velocity. 
Figure 3 compares results from the stochastic 
model for the 100 Pm particles with those from the 
deterministic four-way coupled approach. Though 
it is clear that the velocity fluctuations are slightly 
more energetic for the stochastic approach, again 
with the largest effect in the 0.2  y+  0.7 region, 
overall the differences between the two approaches 
are very small.  
The same cannot be said for the 200 Pm 
particles, results for which are given in Figure 4. 
While the mean streamwise velocity was 
unaffected whatever the method, the increased size 
of the particles greatly magnifies the slight 
differences in velocity fluctuations observed for the 
smaller particles. Certainly differences between the 
fluid and particle stresses are now apparent, due to 
the increased particle inertia. However, significant 
differences now occur between the deterministic 
and stochastic approaches, and these grow as the 
centre of the channel is approached. 
The stochastic DSMC results shown in Figures 
5 and 6 demonstrate a strong agreement with the 
deterministic predictions for both sizes of particle. 
The results for the 100 Pm particles are in slightly 
poorer agreement with the deterministic approach 
than is the case for the non-DSMC stochastic 
method, with the particles and the fluid displaying 
smaller streamwise velocity fluctuations than the 
deterministic predictions in this case. However, the 
accuracy of the predictions does not drop nearly so 
dramatically as the particles increase in size. In 
fact, the DSMC seems to be producing a small 
underestimation of the particle velocity fluctuations 
when compared to the deterministic approach, 
although this is generally small enough to be 
ignored. 
By plotting the particle number density function 
across the channel the behaviour of the particles 
can be analysed in more detail. The results are 
shown in Figures 7 and 8. Immediately a difference 
can be seen between the distributions of the 100 
Pm and the 200 Pm particles. Both distributions are 
seen to peak close to the wall, in regions of the 
flow where the deviations between results shown in 
Figure 4 are at their smallest. 
For all methods of collision, the 100 Pm 
particles have a particle concentration that shows a 
general decrease, past the initial peak at the wall, as 
the centre of the flow is approached. The 200 Pm 
particles, in contrast, show a sharp drop in 
concentration moving away from the peak near the 
wall, with this concentration subsequently 
increasing gradually as the centre of the channel is 
approached.  
  
The reasons for these distributions are clear. 
The wall region of a channel flow has different 
properties to the central region, with the flow 
velocities reduced and the pressure lower. Particles 
drift into this region due to turbophoretic effects, 
which result in increased particle concentrations 
near the wall due to the inhomogeneity in the wall-
normal velocity fluctuations, and tend to remain 
there. For more details about wall region effects see 
Mortimer et al (2017). 
Figure 3: Fluid and particle normal and shear 
stresses for a channel flow with 300k 100 Pm 
particles (fluid: deterministic  solid line, 
stochastic  dashed line; particles: 
deterministic  Ƒ, stochastic  Ɣ). 
Figure 4: Fluid and particle normal and shear 
stresses for a channel flow with 300k 200 Pm 
particles (key as Figure 3). 
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For the larger particles, this effect is noticeably 
smaller, since their greater inertia tends to carry 
them through the wall region, where they rebound 
off the wall, or another particle, back into the bulk 
of the flow. More 200 Pm particles are present in 
the centre of the flow, with the 100 Pm particles 
showing little difference across the majority of the 
flow. The presence of an increasing number of 200 
Pm particles as the channel centre is approached 
ties in with the over-prediction of fluctuating 
velocities by the stochastic model in Figure 4.    
 
 
With more, and larger, particles present towards 
the centre of the flow in this case, more particle 
collisions occur in this region. This increased 
number of collisions leads to the exaggeration in 
the predictions of the stochastic model being 
magnified, an effect that is less severe for the 
DSMC model because of its fewer assumptions. 
Another trend in the results of Figure 8 is the 
higher concentration of DSMC particles near the 
wall when compared to the stochastic approach 
predictions, although both stochastic approaches 
underestimate the deterministic results, which 
could imply a decreased accuracy in the former 
methods in this region. 
 
Figure 5: Fluid and particle normal and shear 
stresses for a channel flow with 300k 100 Pm 
particles (fluid: deterministic  solid line, 
stochastic DSMC  dashed line; particles: 
deterministic  Ƒ, stochastic DSMC  Ɣ).
Figure 6: Fluid and particle normal and shear 
stresses for a channel flow with 300k 200 Pm 
particles (key as Figure 5). 
Figure 7: Particle number density function for 
a channel flow with 300k 100 Pm particles 
(deterministic  white, stochastic  grey, 
stochastic DSMC  black). 
Figure 8: Particle number density function for 
a channel flow with 300k 200 Pm particles 
(key as Figure 7). 
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4 Conclusions 
This work has investigated the effects of 
particle volume fraction on the properties of 
multiphase flows in a channel at a shear Reynolds 
number of 300, achieved using two different sizes 
of particle. 
By using different levels of coupling between 
the particles and the fluid flow, it has been possible 
to demonstrate the magnitude of different effects 
produced by changing the size of the particles. For 
instance, that smaller particles show more influence 
of the inclusion of inter-particle collisions than 
larger ones, or rather, are more dependent on a 
higher level of coupling for the purposes of 
predictive accuracy. 
A comparison has been made between different 
methods of predicting inter-particle collisions in 
order to determine if a desired reduction in 
computational processing requirements necessarily 
leads to a reduction in predictive accuracy. For 100 
Pm particles, the stochastic methods considered 
demonstrated results that matched predictions of a 
deterministic approach. However, in the case of 
200 Pm particles, assumptions made regarding 
fictional particles caused an over-prediction of 
particle velocity fluctuations, particularly towards 
the centre of the flow where more collisions occur.  
Analysis of the particle number distribution 
shows a predisposition, for both sizes of particle, to 
accumulate close to the channel walls. However, 
the larger particles also show a similar disposition 
to accumulate at the centre of the channel, 
providing an additional reason for the over-
prediction of particle normal stresses in this region, 
beyond those due to the increased collision 
frequency due to particle size. 
Use of a direct simulation Monte Carlo-based 
stochastic approach resulted in good agreement 
with deterministic results for both particle sizes. 
Further work will consider testing of these effects 
in a lower density fluid, and for larger particles, 
situations which are likely to try the seemingly 
high effectiveness of the DSMC method. 
 
Acknowledgements 
DAR would like to thank the Engineering and 
Physical Sciences Research Council in the UK, and 
the National Nuclear Laboratory, who funded the 
work described as part of the EPSRC Centre for 
Doctoral Training in Nuclear Fission  Next 
Generation Nuclear. 
 
References 
Fischer, P.F., Lottes, J.W. and Kerkemeier, S.G. 
(2008), Nek5000 Web page, http://nek5000 
.mcs.anl.gov (2008). 
Li, Y., McLaughlin, J.B., Kontomaris, K. and 
Portela, L., (2001), Numerical simulation of 
particle-laden turbulent channel flow, Phys. Fluids, 
Vol. 13, pp. 2957-2967. 
Mortimer, L., Fairweather, M. and Njobuenwu, 
D.O. (2017), Particle concentration and Stokes 
number effects in multi-phase turbulent channel 
flows, V International Conference on Particle-
Based Methods, Hannover, Germany, 26th-28th 
September.  
Moser, R.D. and Moin, P. (1984), Direct numerical 
simulation of curved turbulent channel flow, 
NASA TM 85974. 
Patera, A.T. (1984), A spectral element method for 
fluid dynamics: Laminar flow in a channel 
expansion, J. Comput. Phys., Vol. 54, pp. 468-488. 
Pawar, S.K., Padding, J.T., Deen, N.G., Jongsma, 
A., Innings, F. and Kuipers J.A.M. (2014), 
Lagrangian modelling of dilute granular flow  
Modified stochastic DSMC versus deterministic 
DPM, Chem. Eng. Sci., Vol. 105, pp. 132-142 
Rupp, D.A., Njobuenwu, D.O. and Fairweather, M. 
(2017), The impact of coupling and particle volume 
fraction on fluid-particle interactions in a turbulent 
channel flow, V International Conference on 
Particle-Based Methods, Hannover, Germany, 26th-
28th September.  
Sommerfeld, M. (2001), Validation of a stochastic 
Lagrangian modelling approach for inter-particle 
collisions in homogeneous isotropic turbulence, Int. 
J. Multiphase Flow, Vol. 27, pp. 1829-1858. 
Squires, K.D. and Eaton, J.K. (1990), Particle 
response and turbulence modification in isotropic 
turbulence, Phys. Fluids A, Vol. 2, pp. 1191-1203. 
Süli, E. and Mayers, D. (2003), An introduction to 
numerical analysis, Cambridge University Press, 
Cambridge, United Kingdom. 
Sundaram, S. and Collins, L.R. (1999), A 
numerical study of the modulation of isotropic 
turbulence by suspended particles, J. Fluid Mech., 
Vol. 379, pp. 105-143. 
Vreman, B., Geurts, B.J., Deen, N., Kuipers, 
J.A.M. and Kuerten, J.G. (2009), Two-and four-
way coupled Euler-Lagrangian large-eddy 
simulation of turbulent particle-laden channel flow, 
Flow Turbul. Combust., Vol. 82, pp. 47-71. 
 
